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Types of QFTs to study

* The Standard Model
* QED, QCD, etc
* Inflationary models

* The Ising model
* Topological QFTs, anyons
* Quantum Hall effect

* N=4 Super Yang-Mills
* (Seiberg / Donaldson)-Witten
* ABJM theory

Fundamental theories

Collective phenomena "Beautiful" theories
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The simplest conformal field theory

S =

∫
Rd

1

2
(∂φ)2dx , good

• Symm 1: x ′µ = xµ + aµ , φ
′(x ′) = φ(x)

Current 1: Tµν = ∂µφ∂νφ− 1
2δµν(∂φ)2 − 1

6 (∂µ∂ν − δµν∂2)φ2

• Symm 2: x ′µ = Λνµxν , φ
′(x ′) = φ(x)

Current 2: Mµνρ = xµTνρ − xνTµρ

• Symm 3: x ′µ = λxµ , φ
′(x ′) = λ

d−2
2 φ(x)

Current 3: Dµ = xνTµν

• Symm 4: x ′µ =
xµ−bµx2

1−2b·x+b2x2 , φ(x ′) =
(

1
1−2b·x+b2x2

) d−2
2
φ(x)

Current 4: Kµν = 2xµx
ρTρν − x2Tµν

S =

∫
Rd

1

2
(∂φ)2 +

1

2
m2φ2dx , bad
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The conformal algebra

Pµ =

∫
Rd−1

T0µdx

Mµν =

∫
Rd−1

M0µνdx

D =

∫
Rd−1

D0dx

Kµ =

∫
Rd−1

K0µdx

[Kρ,Mµν ] = i(δρµKν − δρνKµ)

[Kµ,Pν ] = 2i(δµνD −Mµν)

[D,Pµ] = iPµ

[D,Kµ] = −iKµ
. . .

Angle preserving transformations.

-3 -2 -1 0 1 2 3-3

-2

-1

0

1

2

3

bµ=(1,0)−−−−−→

-2 -1 0-1

0

1

Nonlinear transformation is really Kµ = I ◦ Pµ ◦ I .
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Adding interactions

S =

∫
R4

1

2
(∂φ)2 +

g0

4!
φ4dx

• One-loop diagram F is a divergent function of g0.

• In turn, make g0 a divergent function of g to cancel infinities.

• Resulting function F (g(µ), µ) must be independent of µ.

β(g) ≡ µ
dg

dµ
=

3g2

(4π)2

β(g∗) = 0⇒ CFT

g

β(
g) Hi
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Adding interactions

S =

∫
R4−ε

1

2
(∂φ)2 + µε

g0

4!
φ4dx

• One-loop diagram F is a divergent function of g0.

• In turn, make g0 a divergent function of g to cancel infinities.

• Resulting function F (g(µ), µ) must be independent of µ.

β(g) ≡ µ
dg

dµ
= −εg +

3g2

(4π)2

β(g∗) = 0⇒ CFT

g

β(
g)

∆φ = d−2
2 + γφ = d−2

2 + O(ε2)
∆φ2 = (d − 2) + γφ2 = (d − 2) + ε

3 + O(ε2)
∆φ4 = d + γφ4 = d + ε+ O(ε2)
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Outline

• Interesting things about conformal invariance

• It is one of the few enhanced symmetries
• Second order phase transitions are conformal
• Some 2D CFTs directly describe string theory
• Higher dimensional CFTs arise indirectly in string theory

• Infinitely many 2D CFTs are exactly solvable

• The past decade has been filled with new techniques

• Most precise values for 3D Ising critical exponents
• Interplay with supersymmetric dualities
• Numerical bounds on all CFTs from Euclidean space
• Analytic bounds on all CFTs from Minkowski space
• Extensions to non-conformal theories
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The Coleman-Mandula theorem
In d > 2, a QFT with a non-trivial S-matrix can only have
Poincaré plus internal symmetry algebras.

To define 〈pout |qin〉 = 〈pfree |S |qfree〉, in and out states need to
match those of the free theory as t → ±∞. S = I in CFT!

pµ1 p
ν
1 + pµ2 p

ν
2 ∝ 〈p1|Qµν |p1〉+ 〈p2|Qµν |p2〉

= 〈p1, p2|Qµν |p1, p2〉
= 〈q1, q2|Qµν |q1, q2〉
= 〈q1|Qµν |q1〉+ 〈q2|Qµν |q2〉 ∝ qµ1 q

ν
1 + qµ2 q

ν
2

• Another way out is to use superalgebras.

• SUSY is {Qi ,Qj} = 2δijγ
µPµ where i , j = 1, . . . ,N .

• One usually stops at 3D N = 8 or 4D N = 4.

• Most known CFTs are SCFTs — superconformal.
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To define 〈pout |qin〉 = 〈pfree |S |qfree〉, in and out states need to
match those of the free theory as t → ±∞. S = I in CFT!

pµ1 p
ν
1 + pµ2 p

ν
2 ∝ 〈p1|Qµν |p1〉+ 〈p2|Qµν |p2〉

= 〈p1, p2|Qµν |p1, p2〉
= 〈q1, q2|Qµν |q1, q2〉
= 〈q1|Qµν |q1〉+ 〈q2|Qµν |q2〉 ∝ qµ1 q

ν
1 + qµ2 q

ν
2

• Another way out is to use superalgebras.

• SUSY is {Qi ,Qj} = 2δijγ
µPµ where i , j = 1, . . . ,N .

• One usually stops at 3D N = 8 or 4D N = 4.

• Most known CFTs are SCFTs — superconformal.
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Phase transitions

Lattice Ising model:

Leading term in 〈σ(x)σ(0)〉 is
e−|x |/ξ above Tc or 1

|x |2∆σ
at Tc .

Adding tξ∆ε−d∑
i εi for t < 0

will align spins.

Continuum Wilson-Fisher model:

Propagator 〈φ(x)φ(0)〉 is either
e−m|x|

|x | in 3D or mK1(m|x |)
|x | in 4D.

Adding m2
∫
Rd φ

2dx for m2 < 0
will break symmetry.

∆σ =
d − 2

2
+ η

∆ε = d − 1

ν

When there is no typical cluster
size, we have scale and usually
conformal invariance.
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Worldlines and worldsheets

S =
m

2

∫
R
δij ẋi ẋjdt 0+1D QFT with d scalar fields

S =
1

4πα′

∫
R2

ηµν∂Xµ·∂Xνdσdτ 1+1D QFT with d scalar fields

S =
1

2g2

∫
Rd

Tr [FµνF
µν ]dx Competing theory

Hadron relation J ∝ M2 is apparent in poles of
this amplitude.

Vanishing of beta functions
implies relations like Rµν = 0.

S =
1

4πα′

∫
R2

Gµν(X )∂Xµ · ∂Xνdσdτ

Gµν(X ) = ηµν + ∂ρGµν(x0)δX ρ + ∂ρ∂σGµν(x0)δX ρδX σ + . . .
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Anti-de Sitter space
Solving Einstein’s equation for negative Λ = −d(d−1)

2L2 yields

ds2 = −
(

1 +
r2

L2

)
dt2 +

(
1 +

r2

L2

)−1

dr2 + r2dΩ2
d−1

ds2 =
L2

z2

(
dz2 + ηµνdx

µdxν
)

Conformal group appears:

δxµ = 2(x · δb)xµ − (z2 + x2)δbµ , δz = 2(x · δb)z

Bulk field mass from boundary op dimension:

(mL)2 = ∆(∆− d)

N = 4 Super λ Aµ ϕ ψ

Yang-Mills Φ λ̃ ψ̃† ϕ̃†
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Outline

• Interesting things about conformal invariance

• It is one of the few enhanced symmetries
• Second order phase transitions are conformal
• Some 2D CFTs directly describe string theory
• Higher dimensional CFTs arise indirectly in string theory

• Infinitely many 2D CFTs are exactly solvable

• The past decade has been filled with new techniques

• Most precise values for 3D Ising critical exponents
• Interplay with supersymmetric dualities
• Numerical bounds on all CFTs from Euclidean space
• Analytic bounds on all CFTs from Minkowski space
• Extensions to non-conformal theories
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The Hilbert space

H = ∂t ↔ r∂r = D

Primary operator: [KµO(0)] = 0
Descendants:
[PµO(0)], [Pν , [Pµ,O(0)]], . . .

Primary state: Kµ |O〉 = 0
Descdendants:
Pµ |O〉 ,PνPµ |O〉 , . . .∫ 〈

0|X (r0)(r/r0)D |φ
〉

Ψ[φ, r0]dφ =

∫
〈0|X (r)|φ〉 〈φ|O(r0)|0〉 dφ

Operator product expansion (OPE):

φ(x)φ(0) =
∑
O

λ12O
|x |∆1+∆2−∆

C (x , ∂)O(0)
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More conformal invariance in 2D
If z , z̄ = x ± iy ,

ds2 = dx2 + dy2 = dzdz̄ 7→ dz ′dz̄ ′ =
dz ′

dz

dz̄ ′

dz̄
dzdz̄

All zn+1T and z̄n+1T̄ conserved instead of just n = −1, 0, 1.

[Lm, Ln] = (m − n)Lm+n +
c

12
m(m − 1)(m + 1)δm+n,0

Operator irreps labelled by h, h̄ = ∆±`
2 and two-point functions are

〈O(z , z̄)O(w ,w)〉 =
1

(z − w)2h

1

(z̄ − w̄)2h̄

Basis of states
|h〉

L−1 |h〉
L2
−1 |h〉 L−2 |h〉

L3
−1 |h〉 L−1L−2 |h〉 L−3 |h〉
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Unitary 2D CFTs
We need the determinant of M = diag(M(0),M(1),M(2), . . . ).∣∣∣∣∣∣∣∣∣∣∣

〈h|h〉 0 0 0 . . .
0 〈h|L1L−1|h〉 0 0 . . .
0 0

〈
h|L2

1L
2
−1|h

〉 〈
h|L2L

2
−1|h

〉
. . .

0 0
〈
h|L2

1L−2|h
〉
〈h|L2L−2|h〉 . . .

...
...

...
...

. . .

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 . . .
0 2h 0 0 . . .
0 0 4h(1 + 2h) 6h . . .
0 0 6h 4h + c

2 . . .
...

...
...

...
. . .

∣∣∣∣∣∣∣∣∣∣∣
=
∞∏
l=0

αl

∏
rs≤l

[h − hr ,s(c)]p(l−rs)

Comes from a search for singular vectors like∑
p1+···+pk=s
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Unitary 2D CFTs

c = 1− 6

m(m + 1)

hr ,s =
[(m + 1)r −ms]2 − 1

4m(m + 1)

For integer m we may restrict to
1 ≤ r < m, 1 ≤ s < m + 1:

hm+r ,s = hr ,m+1−s + r(m + 1− s)

hr ,m+1+s = hm−r ,s + (m − r)s

Additional reflection symmetry:

hr ,s = hm−r ,m+1−s
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Minimal models
Name m c Operators

Ising 3 1
2

φ(2,1) φ(2,2) φ(2,3)

φ(1,1) φ(1,2) φ(1,3)

Tricritical Ising 4 7
10

φ(3,1) φ(3,2) φ(3,3) φ(3,4)

φ(2,1) φ(2,2) φ(2,3) φ(2,4)

φ(1,1) φ(1,2) φ(1,3) φ(1,4)

3 State Potts 5 4
5 . . .

Primary 7→ descendant OPE coefficients:

〈L−nO(z)O1(z1) . . .On(zn)〉 = L−n 〈O(z)O1(z1) . . .On(zn)〉

L−n =
n∑

i=1

[
hi (n − 1)

(zi − z)n
− ∂i

(zi − z)n−1

]
Primaries fuse according to:

φ(r ,s) × φ(p,q) =

min(p+r−1,2m−1−p−r)∑
k=|p−r |+1

min(q+s−1,2m+1−q−s)∑
l=|q−s|+1

φ(k,l)
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Minimal models
Study four-point function with φ(r ,s) twice and φ(p,q) twice.〈

Prs(L)φ(r ,s)φ(p,q)φ(r ,s)φ(p,q)

〉
= 0

Drs

〈
φ(r ,s)φ(p,q)φ(r ,s)φ(p,q)

〉
= 0

For 〈σ(0)σ(z)σ(1)σ(∞)〉 = G(z)
z2hσ

, ODE is:

3

2
z(z − 1)2 d

2G

dz2
+

1

8
(z − 1)(15z − 6)

dG

dz
− 9

128
zG = 0

Fix λσσε = 1
2 using z ↔ 1− z symmetry and:

2F1(a, b, c ; z) =
Γ(c)Γ(c − a− b)

Γ(c − a)Γ(c − b)
2F1

(
a, b

a + b − c + 1
|1− z

)
+

Γ(c)Γ(a + b − c)

Γ(a)Γ(b)
(1− z)c−a−b2F1

(
c − a, c − b
c − a− b + 1

|1− z

)
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Outline

• Interesting things about conformal invariance

• It is one of the few enhanced symmetries
• Second order phase transitions are conformal
• Some 2D CFTs directly describe string theory
• Higher dimensional CFTs arise indirectly in string theory

• Infinitely many 2D CFTs are exactly solvable

• The past decade has been filled with new techniques

• Most precise values for 3D Ising critical exponents
• Interplay with supersymmetric dualities
• Numerical bounds on all CFTs from Euclidean space
• Analytic bounds on all CFTs from Minkowski space
• Extensions to non-conformal theories
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The modern bootstrap

〈φi (x1)φj(x2)〉 =
δij

|x12|∆i+∆j

〈φi (x1)φj(x2)φk(x3)〉 =
λijk

|x12|∆i+∆j−∆k |x13|∆i+∆k−∆j |x23|∆j+∆k−∆i

〈φi (x1)φj(x2)φk(x3)φl(x4)〉 =

(
|x24|
|x14|

)∆ij
(
|x14|
|x13|

)∆kl G (u, v)

|x12|∆i+∆j |x34|∆k+∆l

Cross-ratios are u = zz̄ =
x2

12x
2
34

x2
13x

2
24

and v = (1− z)(1− z̄) =
x2

14x
2
23

x2
13x

2
24

.

G (u, v) =
∑
O
λ12Oλ34OgO(u, v)

Virasoro blocks not available but we have: [Dolan, Osborn; 0011040, 0309180]

g∆,`(z , z̄) = zhz̄ h̄2F1

(
h −∆12, h + ∆34

2h
|z
)

2F1

(
h̄ −∆12, h̄ + ∆34

2h̄
|z̄
)

+(z ↔ z̄)
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The modern bootstrap

O

1

2

3

4

O

1

2

3

4
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Flagship results

[El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin,

Vichi; 1203.6064]
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Superconformal blocks
Superprimary (killed by S) ⇒ primary (killed by K ) but not v/v.{

Qα, Q̄α̇
}

= σµαα̇Pµ ,
{
Sα, S̄α̇

}
= σµαα̇Kµ

Can only expand 〈Φ1(x1, θ1)Φ2(x2, θ2)Φ3(x3, θ3)〉 for BPS Φ.

G∆,` = g∆,` +
(∆ + `)(∆− `− 2)

(∆ + `+ 1)(∆− `− 1)
g∆+2,` −

(`+ 2)(∆ + `)

(`+ 1)(∆ + `+ 1)
g∆+1,`+1 −

`(∆− `− 2)

(`+ 1)(∆− `− 1)
g∆+1,`−1

Generalized in: [Bobev, El-Showk, Mazac, Paulos; 1503.02081]

1

Q Q̄

QQ̄Q2 Q̄2

Q2Q̄ Q̄2Q

Q2Q̄2

Many multiplets to consider:
[Fitzpatrick, Poland, Khandker, Li, Poland, Simmons-Duffin; 1402.1167]

[Khandker, Li, Poland, Simmons-Duffin; 1404.5300]

Recent numerics with above blocks:
[Poland, Stergiou; 1509.06368]

[Li, Meltzer, Stergiou; 1702.00404]
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Extended supersymmetry
In most superconformal algebras, Tµν is not a primary:

O = Tr [φIφJ ]
. . .

εαβεγδQ3
αQ

3
βQ

4
γQ

4
δO σαα̇µ σββ̇ν Q̄1

α̇Q̄
2
β̇
Q3
αQ

4
βO εα̇β̇εγ̇δ̇Q̄1

α̇Q̄
1
β̇
Q̄2
γ̇Q̄

2
δ̇

Tr [FµνFµν ] Tµν Tr [Fµν F̃µν ]
Calculate protected part, bootstrap unprotected part:

〈O(x1,w1)O(x2,w2)O(x3,w3)O(x4,w4)〉 = free +
F (z , z̄)

x2
13x

2
24[

(w12w34)2

(x12x34)2
+

w12w23w34w41

(x12x23x34x41)2
(x2

13x
2
24 − x2

12x
2
34 − x2

14x
2
23) + perms

]
F (z , z̄) =

(z + z̄ − 1)(2|z |2 − z − z̄ + 1)− |z |4 − 1

|z |2|1− z |2
− 1

c |z |2

+

∣∣∣∣1− z

z

∣∣∣∣2 G (z , z̄)
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Extended supersymmetry

Restrict ops to
xµ =

(
0, 0, z+z̄

2 , z−z̄2i

)
.

Let Q = Q1 + S̄2 = (S1 + Q̄2)†.
Let Oi be killed by Q.

Oi (z , z̄)Oj(0) =
∑
k

λijk

zhi+hj−hk
Ok(0)

True up to {Q, . . . ].

2D-4D correspondence
[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees;

1312.5344]

1D-3D correspondence
[Dedushenko, Pufu, Yavoby; 1610.00740]

Free Hyper

H1 (2)

E8 (2)L
E7 (2)L
E6 (2)L
D4 (2)L
H2 (2)L
H1 (2)L
H0 (2)L
"New" rank 1

=4 SYM
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1/k

c

[Beem, Lemos, Liendo, Rastelli, van Rees; 1412.7541]
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[Beem, Rastelli, van Rees; 1304.1803]
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Spinning conformal blocks
Exploit conformal group being SO(d + 1, 1).

〈φφφφ〉 ∼ a b . . . c

〈φJµφJν〉 ∼ above + a b . . . c

d

〈φTµνφTρσ〉 ∼ above + a b . . . c

d e

Use (X+,X−,Xµ) = (1, x2, xµ), (W+,W−,W µ) = (0,w · x ,wµ)
instead of points xµ,wµ. [Costa, Penedones, Poland, Rychkov; 1107.3554, 1109.6321]

XA Lorentz−−−−→ X ′Ax y
xµ

Conformal−−−−−−→ x ′µ

Operators satisfy Φ(αX , βW ) = α−∆β`Φ(X ,W ).
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Spinning conformal blocks
Symmetric nij such that mi ≡ `i −

∑
j 6=i nij ≥ 0 characterize all

three-point structures.

Hij = −2[WijXij − (Wi · Xj)(Wj · Xi )]

Vi ,jk =
(Wi · Xj)Xik − (Wi · Xk)Xij

Xjk

Stress-tensor example:

〈T (X1,W1)T (X2,W2)T (X3,W3)〉 =
P

X
d+2

2
12 X

d+2
2

13 X
d+2

2
23

P = x4V
2
1 V

2
2 V

2
3 + x3(V 2

1 H
2
23 + . . . ) + x2(V2V3H12H13 + . . . )

+x1(V 2
1 V2V3H23 + . . . ) + x0H12H13H23

Further developments made in:
[Echeverri, Elkhidir, Karateev, Serone; 1505.03750, 1601.05325] [Cuomo, Karateev, Kravchuk; 1705.05401]

[Costa, Hansen, Penedones, Trevisani; 1603.05551, 1603.05552] [Karateev, Kravchuk, Simmons-Duffin; 1706.07813]
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Current and stress-tensor bootstraps
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Central charge bounds
〈TTT 〉 has bosonic and fermionic parts

〈TTT 〉d=3 =
CT cos θ

sin θ + cos θ
〈TTT 〉scalar +

CT sin θ

sin θ + cos θ
〈TTT 〉spinor

〈TTT 〉d≥4 = nB 〈TTT 〉scalar + nF 〈TTT 〉spinor + nV 〈TTT 〉vector

Positive by average null energy condition: [Hoffman, Maldacena; 0803.1467]

〈ψ|ε(θ)|ψ〉 ≥ 0 , ε(θ) = lim
r→∞

rd−2

∫ ∞
−∞

T 0
i n

idt

Coefficients are related to the Weyl anomaly〈
Tµ
µ

〉
d=2

= − c

12
R〈

Tµ
µ

〉
d=4

= − a

16π2

(
RαβγδRαβγδ − 4RαβRαβ + R2

)
− c

16π2

(
RαβγδRαβγδ − 2RαβRαβ +

1

3
R2

)
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Central charge bounds
N = 0 1

3 ≤
a
c ≤

31
18

N = 1 1
2 ≤

a
c ≤

3
2

N = 2 1
2 ≤

a
c ≤

5
4

N = 4 a = c

a

c
=

nB + 11nF + 62nV
3nB + 18nF + 36nV

We also need a = c for a classical gravity dual
[Camanho, Edelstein, Maldacena, Zhiboedov; 1407.5597]

Empty space
Proven using 1− z̄ � 1− z limit of 〈Tµν(0)φ(z , z̄)φ(1)T ρσ(∞)〉:
[Hoffman, Li, Meltzer, Poland, Rejon-Barrera; 1603.03771]

<
[
G (z , z̄)− G (ze2πi , z̄)

]
≥ 0

Special case of [Faulkner, Leigh, Parrikar, Wang; 1605.08072] [Hartman, Kundu, Tajdini; 1610.05308]

1

(x2 + τ 2)∆
=

1

(x2 + t2e2iθ)∆

=
e−2i∆θ

(t2 + e−2iθx2)∆

=
e±πi∆

(t2 − x2)∆

t

i|x|

-i|x|
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Beyond CFTs
For a relevant operator O in a CFT,

S = S0 +

∫
Rd

g0Odx

, 〈. . . 〉 =

〈
. . . exp

(∫
Rd

g0Odx
)〉

0

Removing divergences in conformal perturbation theory,

β(g) ≡ dg

d log Λ
= (∆− d)g + β2g

2 + β3g
3 + . . .

β2 = −Sd−1

2
λOOO , β3 = −Sd−1

6

∫
Rd

〈O(0)O(x)O(ê)O(∞)〉 dx

Approximate four-point function with data from the bootstrap:
[Komargodski, Simmons-Duffin; 1603.04444] [CB, Rastelli, Rychkov, Zan; 1703.05325]

Better to truncate and diagonalize Hint after expressing it in the basis:

{|O〉 ,Pµ |O〉 ,PµPν |O〉 , . . . }

[Hogervorst, Rychkov, van Rees; 1409.1581] [Katz, Khandker, Walters; 1604.01766]

[Elias-Miro, Rychkov, Vitale; 1706.09929]
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Scattering amplitudes

AdS with massive particles has a flat space limit:

∆→∞ ,
∆i

∆j
→ mi

mj

Interpret OPE coefficient bounds as constraints on the S-matrix:
[Paulos, Penedones, Toledo, van Rees, Vieira; 1607.06109]

g123

λ123
= lim

L→∞

2L
d−5

2

π
d
2 Γ(
∑

∆− d
2 )

3∏
i=1

Γ(∆i )

Γ( 1
2

∑
∆−∆i )

Saturated by Sine-Gordon:

S(s) = sgn(m2
2 − 2m2

1)
√
s
√

4m2
1 − s + m2

√
4m2

1 −m2
2√

s
√

4m2
1 − s −m2

√
4m2

1 −m2
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Scattering amplitudes

AdS with massive particles has a flat space limit:

∆→∞ ,
∆i

∆j
→ mi

mj

Interpret OPE coefficient bounds as constraints on the S-matrix:
[Paulos, Penedones, Toledo, van Rees, Vieira; 1607.06109]
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