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Types of QFTs to study

Fundamental theories

* The Standard Model
* QED, QCD, etc
* Inflationary models

Collective phenomena
* The Ising model

* Topological QFTs, anyons
* Quantum Hall effect

"Beautiful" theories
* N=4 Super Yang-Mills

* (Seiberg / Donaldson)-Witten
* ABJM theory
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The simplest conformal field theory

S :/ l(6@5)2dx, good
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The simplest conformal field theory

1
]Rd2

S= (0¢)?dx , good

Symm 1: x;, = x, +a,, ¢'(x') = ¢(x)

Current 1: Ty = 0,00, — 36,,(00)* — £(8,0, — 0,,0%)¢?
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The simplest conformal field theory

S= (8¢)2dx good
Rd 2

Symm 1: x;, = x, +a,, ¢'(x') = ¢(x)
Current 1: Ty = 0,00, — 36,,(00)* — £(8,0, — 0,,0%)¢?
Symm 2: x;, = Aiix, , ¢'(X') = ¢(x)
Current 2: My =x,Tvp — X Typ
2

Symm 3: X//L =X, , ¢'(X) = )\d%gb(x)
Current 3: D, = x" T,
d—2
—b 2
Symm 4: x|, = 2, 0(x') = (W) G

Current 4: ) = 2x,xP T, — X T;w
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The simplest conformal field theory

S= (8¢)2dx good
Rd 2

o Symm 1: x/, = x;, +a, , ¢'(X') = #(x)
Current 1: Ty = 0,00, — 36,,(00)* — £(8,0, — 0,,0%)¢?
o Symm 2: x), = Ajx, , ¢'(X') = ¢(x)

Current 2: My =x,Tvp — X Typ
2

e Symm 3: X//L =X, , ¢(X) = )\%GZ)(X)
Current 3: D, = x"T,,

d—2
Dol xu—bux? 1 2
[ ] Symm 4. XU =1z éb Xib2X2 5 ¢( ) = (1—2b~x+b2X2> (Z)(X)

Current 4: ) = 2x,xP T, — X T;w

1 1
— /Rd 5(a¢)2 + 5m2¢2dx , bad
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The conformal algebra

P, = / Toudx
Rd-1

M, = Mo dx
Rd—1

D = Dodx
Rd-1

K, = KOMdX
Rd-1

Current work
0000000000000 00
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The conformal algebra

P.= /Rd—l Toudx [Kps Myuw] = i(0ppKe — 00 Kyu)
[KM, P, = 2/(5W,D — Muy)
M, = o) .
K /Rdl Moy dx [D, Pl = iPy
D, K,| =—IK
D= [ Dydx D, Kl = =Ky
Rd-1
K, = KOMdX

Rd-1
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The conformal algebra

P, = / Toudx
Rd-1

MNV - MOude
Rd—1
D = Dodx
Rd-1
KM = ’COMdX

Rd-1

[Km M,UJ/] = i(‘spuKV - 5pVKu)
(K., P] = 2i(6,,D — M)
[D,P,] =iP,
[D,K,] = —iK,

Angle preserving transformations.
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The conformal algebra

P, = Toud
i /Rd—1 00X

MNV - / MOude
Rd—1

D = Dodx

Rd-1

K, = ’COMdX
Rd-1

2

1

0

-1

-2|

W]
N
-
(=]
[
N

[Km MW] = i(‘spuKV - 5pVKu)
[Kua PV] = 2i(5MVD - M,LW)
[D, 'D,u] =iPy
[Dv K#] = _iKu

Angle preserving transformations.
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The conformal algebra

P, = /Rd—l Topdx (Ko, M| = i(0pu Ky — 6,0 K)
(K., P] = 2i(6,,D — M)
Ml“’ = /Rdl MO}LUdX [D, P#] _ IP‘M
D,K,|=—-iK
D= | Dodx (D Kl = =Ky
Rd-1
K = Rd—1 Koydx Angle preserving transformations.
3 1
2]
! bu=(1,0
0 ,U«_( ’ ) o
-1
: e
I 0 T 2z 3 13 1 0
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The conformal algebra

nw = / TOHdX
Rd-1

MNV - / MOude
Rd—1

D = Dodx
Rd-1

K, = ,COMC/X
Rd-1

2

1

0

-1

2

B0 T2

3

2

[Km MW] = i(‘spuKV - 5pVKu)
(K., P] = 2i(6,,D — M)
[D,P,] =iP,
[D,K,] = —iK,

Angle preserving transformations.

1

-1

o
i

Nonlinear transformation is really K, = /o P, o /.
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Adding interactions

_ 1 2, 80 .4
S—/R42(8¢) +4!¢dx
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Adding interactions

_ 1 2, 80 ,4
5_/R42(8¢) +ﬂ¢ dx
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Adding interactions

_ 1 2 80 4
5_/R42(a¢) +ﬂ¢ dx

e One-loop diagram F is a divergent function of go.
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Adding interactions

_ 1 2 80 4
5_/R42(a¢) +ﬂ¢ dx

e One-loop diagram F is a divergent function of go.

e In turn, make gy a divergent function of g to cancel infinities.
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Adding interactions

_ 1 2 80 4
5_/R42(6¢) +ﬂ¢ dx

e One-loop diagram F is a divergent function of go.
e In turn, make gy a divergent function of g to cancel infinities.

e Resulting function F(g(u), 1) must be independent of .
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Adding interactions

_ 1 2 80 4
5_/R42(6¢) +ﬂ¢ dx

e One-loop diagram F is a divergent function of go.
e In turn, make gy a divergent function of g to cancel infinities.

e Resulting function F(g(u), 1) must be independent of .

d, 3g?
58) = K = anp

B(gs) = 0= CFT
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Adding interactions

s= [ @07 +uEota
Rllf( 2

e One-loop diagram F is a divergent function of go.
e In turn, make gp a divergent function of g to cancel infinities.
e Resulting function F(g(u), ) must be independent of .

2
Ble) = % _ 38

B(g)

B9
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Adding interactions

1
S = Z(99)? + f@qﬁ‘*dx
R4—e 2
e One-loop diagram F is a divergent function of go.
e In turn, make gp a divergent function of g to cancel infinities.
e Resulting function F(g(u), ) must be independent of .

_ dg _ 3g°
Blg) = M(TM = —€g + W
B(gx) 0= CFT

B9
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Adding interactions

1
S = Z(99)? + f@qﬁ‘*dx
R4—e 2
e One-loop diagram F is a divergent function of go.
e In turn, make gp a divergent function of g to cancel infinities.
e Resulting function F(g(u), ) must be independent of .

_ dg _ 3g°
Blg) = M(TM = —€g + W
B(gx) 0= CFT

LBy =952 4y = 952 1 O(e2)
] A(z,z:(d—2)+’}/¢2:(d—2)+§‘|‘0(62)

B9
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Adding interactions
S= Yooy + f@qﬁ‘*dx
R4—e 2

e One-loop diagram F is a divergent function of go.
e In turn, make gp a divergent function of g to cancel infinities.

e Resulting function F(g(u), ) must be independent of .

Ble) = ngE ——ca+
Blgs) = 0= CFT

| Ay =92 47 =952+ O()
] A(z,z:(d—2)+’}/¢2:(d—2)+§‘|‘0(62)
| D =d+y, =d+e+ O(?)

B9
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Outline

e Interesting things about conformal invariance

e |t is one of the few enhanced symmetries

e Second order phase transitions are conformal

e Some 2D CFTs directly describe string theory

e Higher dimensional CFTs arise indirectly in string theory

e Infinitely many 2D CFTs are exactly solvable
e The past decade has been filled with new techniques

e Most precise values for 3D Ising critical exponents
o [nterplay with supersymmetric dualities

e Numerical bounds on all CFTs from Euclidean space
e Analytic bounds on all CFTs from Minkowski space
e Extensions to non-conformal theories
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e Interesting things about conformal invariance

o It is one of the few enhanced symmetries

e Second order phase transitions are conformal

e Some 2D CFTs directly describe string theory

e Higher dimensional CFTs arise indirectly in string theory

e Infinitely many 2D CFTs are exactly solvable
e The past decade has been filled with new techniques

o Most precise values for 3D Ising critical exponents

o Interplay with supersymmetric dualities

o Numerical bounds on all CFTs from Euclidean space
e Analytic bounds on all CFTs from Minkowski space
e Extensions to non-conformal theories



Introduction Classic results Solvable models Current work
0000000 900000 000000000000 00 0000000000000 00

The Coleman-Mandula theorem

In d > 2, a QFT with a non-trivial S-matrix can only have
Poincaré plus internal symmetry algebras.
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Poincaré plus internal symmetry algebras.
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The Coleman-Mandula theorem

In d > 2, a QFT with a non-trivial S-matrix can only have
Poincaré plus internal symmetry algebras.

To define (pout|qin) = (Pfree|S|Gfree), in and out states need to
match those of the free theory as t — +00. S = | in CFT!

(P1| Q™ [p1) + (p2| @""|p2)
(p1, p2| Q" |p1, p2)
= (g1, 92|Q""|q1, q2)
(q1] Q" |q1) + (q2| Q" |q2) x q'q} + db g5

pipy + phps o

Another way out is to use superalgebras.
SUSY is {Qi, Qj} = 26;v*P, where i,j =1,...,N.
One usually stops at 3D N =8 or 4D N = 4.

Most known CFTs are SCFTs — superconformal.
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Phase transitions

Lattice Ising model:

Leading term in (o(x)o(0)) is

e~ XI/€ above T. or M%” at T..

Adding t&2<=d " ¢; for t < 0
will align spins.

Continuum Wilson-Fisher model:

Propagator (¢(x)®(0)) is either
e "M in 3D or MUmIX) iy 4D,

Ix| Ix]

Adding m? [L4 ¢?dx for m? < 0
will break symmetry.
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Phase transitions

Lattice Ising model:

Leading term in (o(x)o(0)) is

e~ XI/¢ above T, or ‘X‘ﬁ at T..

Adding t&2<=d " ¢; for t < 0
will align spins.

Continuum Wilson-Fisher model:

Propagator (¢(x)®(0)) is either
7‘97':"” in 3D or 7'"K1‘(XT‘XD in 4D.
Adding m? [ ¢?dx for m* < 0
will break symmetry.

d—2
D, =51y

1
A=d— -
v
When there is no typical cluster
size, we have scale and usually

conformal invariance.
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Worldlines and worldsheets

S — g/ 57 ix;dt 0+1D QFT with d scalar fields
R
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Worldlines and worldsheets

S— rz”/ 5i5isdt 0+1D QFT with d scalar fields
R
1

= Il / N 0X,-0X,dodr| 141D QFT with d scalar fields
R2
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Worldlines and worldsheets

S— rz”/ 555 dt 0+1D QFT with d scalar fields
R
1

= Aol / N 0X,-0X,dodr| 141D QFT with d scalar fields
R2

1

= Zgz/ Tr[Fu, F* ' dx Competing theory
Rd
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Worldlines and worldsheets

S= r2n/ 60 x;%;dt 0+1D QFT with d scalar fields
R
= L / " 0X,-0X,dodr| 1+1D QFT with d scalar fields
A Jpo
= 122 /Rd Tr[Fu, F* ' dx Competing theory

Hadron relation J oc M? is apparent in poles of
this amplitude.
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Worldlines and worldsheets

S— ;"/ 555 dt 0+1D QFT with d scalar fields
R
— 1 / " 0X,-0X,dodt| 1+1D QFT with d scalar fields
A Jpo
S = 1/ Tr[Fu, F* ' dx Competing theory
2g2 Rd

Hadron relation J oc M? is apparent in poles of
this amplitude.

S = ! /G’“’(X)@Xu-aXl,deT
R2

4o

Gu(X) = v + 0 G (x0)5X? + 0,05 G (x0)5XPEXT + ...
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Worldlines and worldsheets

S= r2n/ 60 x;%;dt 0+1D QFT with d scalar fields
R
= L / " 0X,-0X,dodr| 1+1D QFT with d scalar fields
A Jpo
= 122 /Rd Tr[Fu, F* ' dx Competing theory

Hadron relation J oc M? is apparent in poles of
this amplitude. Vanishing of beta functions
implies relations like R, = 0.

S = ! / G"(X)0X, - 90X, dodT
R2

4o

Gu(X) = v + 0 G (x0)5X? + 0,05 G (x0)5XPEXT + ...
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Anti-de Sitter space
d(d—1)
212

Solving Einstein's equation for negative A = — yields

2 r? 2 r? - 2 2 102
ds* = - 1+p dts + 1+ﬁ are+rodQQ5_4
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Anti-de Sitter space

_ d(d 1)

Solving Einstein's equation for negative A = yields

r2 2\ 1
ds? = (1+L2) dtz—i—(l—l—%) dr?* + r’dQ3 4
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Anti-de Sitter space

_ d(d 1)

Solving Einstein's equation for negative A = yields

r2

2\ —1
L2) dt® + (1 + %) dr? 4+ r?dQ?_,;

ds?> = (1 +

2
ds® = % (dz2 + Ny dxtdx” )
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Anti-de Sitter space
_de-)

Solving Einstein's equation for negative A = yields
2 r? 2 AN 2, 2,02
ds = (1 -+ L2) dt -+ (1 -+ ﬁ) dr +r de—l
2 L2 2
ds® = = (dz + Ny dxtdx” )

Conformal group appears:

6x, = 2(x - 6b)x, — (22 + x?)db,, , 6z = 2(x - 5b)z
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Solving Einstein's equation for negative A = yields
2 r? 2 AN 2, 2,02
ds = (1 -+ L2) dt -+ (1 -+ ﬁ) dr +r de—l
2 L? 2
ds® = = (dz + Ny dxtdx” )

Conformal group appears:
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Anti-de Sitter space
d(d—1)

Solving Einstein’s equation for negative A = — =55~ yields
2 r’ 2 2\ 2,202
ds® = — 1+p dt® + l—i-p are+rodQQ5_4

L2
ds® = = (dz® + nudx*dx")

Conformal group appears:

R
C 0 ) 6= 20x- b, — (22 + xP)Sby , b6z = 2(x - 3b)z

Bulk field mass from boundary op dimension:

(mL)? = A(A — d)
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Anti-de Sitter space
d(d—1)

Solving Einstein’s equation for negative A = — =55~ yields
2 r’ 2 P\ 2, .2,402 2 102
ds® = (1+L2)dt +<1+L2> dre + redQ5 + L°d3
L2
ds® = —5 (dz + mudxdx”) + 17dQ

Conformal group appears:

L ZERN
\X_/ 6x, = 2(x - 6b)x, — (2% + x*)b,, , 6z = 2(x - 6b)z

Bulk field mass from boundary op dimension:

(mL)? = A(A — d)

-~
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Anti-de Sitter space
d(d—1)

Solving Einstein’s equation for negative A = — =55~ yields
2 r’ 2 P\ 2, .2,402 2 102
ds® = <1+L2>dt +<1+L2> dre + redQ5 + L°d3
L2
ds® = —5 (dz + mudxdx”) + 17dQ

Conformal group appears:

R
C 0 ) 6= 20x- b, — (22 + xP)Sby , b6z = 2(x - 3b)z

Bulk field mass from boundary op dimension:
(mL)? = A(A — d)

~. N = 4 Super
Yang-Mills o

Av| ¢ ¥

> >
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Outline

e Interesting things about conformal invariance

e |t is one of the few enhanced symmetries

e Second order phase transitions are conformal

e Some 2D CFTs directly describe string theory

e Higher dimensional CFTs arise indirectly in string theory

e Infinitely many 2D CFTs are exactly solvable
e The past decade has been filled with new techniques

Most precise values for 3D Ising critical exponents
Interplay with supersymmetric dualities

Numerical bounds on all CFTs from Euclidean space
Analytic bounds on all CFTs from Minkowski space
Extensions to non-conformal theories



Introduction Classic results Solvable models Current work
0000000 000000 0@000000000000 0000000000000 00

The Hilbert space

H:3t<—>r(9,:D
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The Hilbert space

H=8t<—>r0r:D

Primary operator: [K,0(0)] =0 Primary state: K, |O) =0
Descendants: Descdendants:
[P.O(0)], [Py, [Py, OO)]], . .. P.|0),P,PL|O),...
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The Hilbert space

H=8t<—>r6r:D

Primary operator: [K,0(0)] =0 Primary state: K, |O) =0
Descendants: Descdendants:
[P.O(0)], [Py, [Py, OO)]], . .. P.|0),P,PL|O),...

[ (o) (r/m0)°1) Wl rlds = [ (01x(1)e) (610()10) o
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The Hilbert space

H=8t<—>r6,:D

Primary operator: [K,0(0)] =0

Descendants:
[PNO(O)]v [Pllv [PH)

¢(x)¢

o00)]],---
[ (o) (r/m0)°1) Wl rlds = [ (01x(1)e) (610()10) o

Operator product expansion (OPE):

Z x|

Solvable models
0®000000000000

Current work
0000000000000 00

Primary state: K, |O) =0
Descdendants:

P.|0),P,P,|O),...

A120
Ar1+Ar—

Clx,

9)0(0)
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More conformal invariance in 2D
If z,z=x =%y,

ds? = dx? + dy? = dzdz — dz'dZ = — ——dzdz
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More conformal invariance in 2D

If z,z=x =%y,
/ s/
ds® = dx* + dy® = dzdz — dz'dZ’ = Ccili‘;i_dzdz
z dz
All z"1T and 2" T conserved instead of just n = —1,0, 1.

[Lm, Ln] = (m = n)Lmin
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ds® = dx* + dy® = dzdz — dz'dZ’ = Ccili‘;i_dzdz
z dz
All z"1T and 2" T conserved instead of just n = —1,0, 1.
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More conformal invariance in 2D

If z,z=x =%y,
dz' dZ/
ds? = dx? + dy? = dzdz s d7'd7' = 222 4z
dz dz
All z"1T and 2" T conserved instead of just n = —1,0, 1.
c
[Lmy Ln] = (m — n)Lmyn + Em(m —1)(m+1)0m+no
Operator irreps labelled by h, h = Aﬂ and two-point functions are
1 1

<O(272)O(W7 W)> = (Z — W)2h (2 _ W)2h
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More conformal invariance in 2D
If z,z=x =%y,

/ s/
ds? = dx® + dy? = dzd > d2'dZ’ = 9292 dzdz
dz dz
All z"1T and 2" T conserved instead of just n = —1,0, 1.
(L, L] = (M — n)Lpmyn + 1—C2m(m —1)(m + 1)meno
Operator irreps labelled by h, h = Aﬂ and two-point functions are
1 1

(O(z,2)0(w, w)) =

(z — w)2h (z— v_v)27’

Basis of states
|h)
L_q|h)
L2 |h) L > 1h)
L3,|h) L_iL_o|h) L_3]|h)
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More conformal invariance in 2D
If z,z=x =%y,

ds? = dx? + dy? = dzdz — dz'dZ = — ——dzdz
dz dz
All z"1T and 2" T conserved instead of just n = —1,0, 1.
c
[Lmy Ln] = (m — n)Lmyn + Em(m —1)(m+1)0m+no
Operator irreps labelled by h, h = Aﬂ and two-point functions are
0O(z,2)0 = L L
< (Z,Z) (W7 W)> - (Z o W)2h (Z B V_V)2’_7
Basis of states Ciﬁ:‘
| h> Fi:ld gheury

L_1|h)
2.0 Lok -

L3,|h) L_iL_o|h) L_3]|h)
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Unitary 2D CFTs
We need the determinant of M = diag(M©, MM M3 ).

(h|h) 0 0 0
0 (h|LiL_q|h) 0 0
0 0 (hILELZy Ry ChILaL2 |h)
0 0 (hIL2L 5|k (h|LaL_o|h)




Introduction

We need the determinant of M = diag(/\/l(o), MO Mm@

0
0
0

o O o

(hlh)

0
2h

0

0

0
(hlL1L_1]h)
0
0

0

0
4h(1 + 2h)

6h

Classic results

Solvable models
0000000000000

Unitary 2D CFTs

0 0

0 0
L2, (hlLal? 1)
(hILLalh ) (hlL2L_2|h)

0

0

6h
4h+ 5

Current work
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Unitary 2D CFTs
We need the determinant of M = diag(M©, MM M3 ).

(h|h) 0 0 0

0 (h|LiL_s]h) 0 0

0 0 (h|L3L24]h)  (hlLaL24]h) ... | =

0 0 <h\L2 —olh)  (h|L2L_2|h)

1 0 0 0

0 2h 0 0o ...

0 0 4h(1+2h) 6h | =TT e TTiA = hrs(c)]Pl=")
0 0 6h 4h+5 ... 13 ,51_<I,
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Unitary 2D CFTs
We need the determinant of M = diag(M©, MM M3 ).

(h|h) 0 0 0

0 (h|LiL_1|h) 0 0

0 0 (h|L3L24]h)  (hlLaL24]h) ... | =

0 0 <h\L2 _olh)y  (h|L2L_|h)

1 0 0 0

0 2h 0 o ...

0 0 4h(1+2h) 6h =TT TR = hrs(c)]Pt="
0 0 6h  4h+5 ... 1;[ ,51_<I, ool

Comes from a search for singular vectors like

[(s—1)1P[c—13++/(1—c)(25—c)]° K Lol p ]h1,5>

ZP1+---+Pk=5 155 (prt--pi) (s—p1——pi)




Introduction Classic results Solvable models
0000000 000000 0000®000000000

Unitary 2D CFTs

6
 m(m+1)
b [(m+1)r—ms]?>—1
e 4m(m+1)

c=1

Current work
0000000000000 00
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Unitary 2D CFTs
8

6
1= m(m+ 1)
[(m+1)r—ms]?>—1

hs = -
e 4m(m+1) '

-1

ot
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Unitary 2D CFTs
8

6
1= m(m+ 1)
[(m+1)r—ms]?>—1

hs = ,
e 4m(m+1) '

-1

ot
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Unitary 2D CFTs
8

6
1= m(m+ 1)
[(m+1)r—ms]?>—1

hs = ,
e 4m(m+1) '

-1

ot

—
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Unitary 2D CFTs
8

6
1= m(m+ 1)
[(m+1)r—ms]?>—1

hs = ,
e 4m(m+1) '

-1

ot




Unitary 2D CFTs

8

6
m(m+1) 7
b [(m+1)r—ms]®> -1

ne 4m(m+1)

c=1-




Unitary 2D CFTs

8

c=1- 2
T m(m+1) 7
[(m+1)r—ms]®> -1
hr,s =
4m(m+1)
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Unitary 2D CFTs

8

N m(m+ 1) 7
[(m+1)r—ms]?>—1
hrs = 6
’ 4m(m+1)

For integer m we may restrict to
1<r<ml1<s<m+1:

hmtrs = hrmi1—s + r(m+1—s) 3

hr,m+1+s = hm—r,s + (m - F)S
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Unitary 2D CFTs

8

N m(m+ 1) 7
[(m+1)r—ms]?>—1
hrs = 6
’ 4m(m+1)

For integer m we may restrict to
1<r<ml1<s<m+1:

hmtrs = hrmi1—s + r(m+1—s) 3

hrmi1+s = hm—rs + (m—r)s

Additional reflection symmetry:

hr,s = hmfr,erlfs
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Minimal models

Name c Operators
Isin 1 1) P2 9(23)
s 2 Py a2 a3
¢31) 9362 ?33) ¢G4
Tricritical Ising 17—0 $21) P2 Pr3 e

3 State Potts

[GIEN

b1 Paz) a3 Pwua)
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Minimal models

Name m| c Operators
Ising 3 % ¢(271) ¢(2,2) ¢(2,3)

P a2 Paa3)
P31 P32 933 9G4
1) P2 @3 P4
b1 Paz) a3 Pwua)

Tricritical Ising | 4

al~

3 State Potts | 5

(SR
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Classic results

Solvable models
000000000000e0

Minimal models

Current work
0000000000000 00

3 State Potts | 5

Name m| c Operators
Ising 3 % 7 ; i
¢31) 9362 ?33) ¢G4
Tricritical Ising | 4 17—0 b1y P2 P23 P24
b1 Paz) a3 Pwua)

1]
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Minimal models

Name m| c Operators
. 1 o e |
Ising 3| 3 I o e

P31 932 P63 P34

4)
Tricritical Ising | 4 | 5 | ¢21) ©2) %3 Pra)
P11 Pa2)  Pa3)  Pa)

3 State Potts | 5 %

Primary — descendant OPE coefficients:

(L_yO(2)O(z1) ... On(2n)) = Ln (O(2)O1(z1) . .. Op(zn))

Loy [h;(n— ) 9

~|(z—2)" (z—2)"!
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,,,,,, 0000000000000

Current work

Minimal models

Name m| c Operators
. 1 o e |
Ising 3| 3 | o o«

P31 932 P33

b(3,4)
Tricritical Ising | 4 | 5 | ¢21) ©2) %3 Pra)
P11 Pa2)  Pa3)  Pa)

3 State Potts | 5 %

Primary — descendant OPE coefficients:
(L_pnO(2)O1(z1) ... On(zn)) = Lon (O(2)O01(21) - - - On(zn))

ﬁn:zn:[h;(n—l)_ O }

~|(z—2)" (z—2)"!

Primaries fuse according to:

min(p+r—1,2m—1—p—r) min(q+s—1,2m+1—q—s)

P(r.s) X P(p,q) = > > P(k,1)

k=|p—r|+1 I=|q—s|+1
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Minimal models
Study four-point function with ¢, q) twice and ¢, ) twice.

(Prs(D)d(r.5)0(p.0)P(r.5) Pp.a)) = O
Drs <¢(r,s)¢(p,q)¢(r,s)¢(p,q)> =0
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Minimal models
Study four-point function with ¢, q) twice and ¢, ) twice.

(Prs(D)d(r.5)P(p.0)P(r.5) Plpsa)) =
Drs <¢(r,s)¢(p,q)¢(r,s)¢(p,q)> =0

For (0(0)o(2)o(1)o(c0)) = <2, ODE is:

z

°G 1 dG 9
2(z - 1= + §(Z —1)(15z — 6)5 — ESZG =0
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Minimal models
Study four-point function with ¢, q) twice and ¢, ) twice.

(Prs(L)é(r,5)D(p,a)O(r5) D(pra)) = O
Drs <¢(r,s)¢(p,q)¢(r,s)¢(p,q)> =0

For (0(0)o(2)o(1)o(c0)) = <2, ODE is:

z

3 ,d?’G 1 ¢ 9

Fix Apoe = % using z <+ 1 — z symmetry and:

b ) - (R (20 )

Mc)f(a+b—c) c—a c—ac—b
rare) L2 b2F1<c—a—b+1|1_Z>
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Outline

e Interesting things about conformal invariance

e |t is one of the few enhanced symmetries

e Second order phase transitions are conformal

e Some 2D CFTs directly describe string theory

e Higher dimensional CFTs arise indirectly in string theory

e Infinitely many 2D CFTs are exactly solvable
e The past decade has been filled with new techniques

Most precise values for 3D Ising critical exponents
Interplay with supersymmetric dualities

Numerical bounds on all CFTs from Euclidean space
Analytic bounds on all CFTs from Minkowski space
Extensions to non-conformal theories
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The modern bootstrap

i
(9i(x1)¢j(x2)) = PR

_ Aijik
(9i(x1)9j(x2)dk(x3)) = X102 BB B3 B BB |y B AR

Bii /1x Bu u,v
b Gelataeta) = (24) 7 (24) s s

|x14] 3] | X34
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The modern bootstrap

dij

‘X]_2 ‘A,'+Aj

(9i(x1)dj(x2)) =

>\ijk
’ ’A4+A-—Ak|xl3’A,+Ak—Aj|X23|Aj+Ak—A,

B u,v
et = (L) (el e

|x14] |x13]

(di(x1)pj(x2) Pk (x3)) =

; > X154 = X755
Cross-ratios are u = zz = %3t and v = (1 — z)(1 — 2) = 32
X13%24 X{3554
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The modern bootstrap

dij

‘X]_2 ‘A,'+Aj

(9i(x1)dj(x2)) =

>\ijk
’ ’A4+A-—Ak’X13’A,+Ak—Aj|X23|Aj+Ak—A,

B u,v
et = (L) (el e

|x14] |x13]

(di(x1)pj(x2) Pk (x3)) =

; > X154 = X755
Cross-ratios are u = zz = %3t and v = (1 — z)(1 — 2) = 32
X13%24 X{3554

G(u,v) = Z A120A34080(u, v)
(@




Current work
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The modern bootstrap

djj
(9i(x1)¢j(x2)) = W

i
(Gi0a)i)on() = T —mrmmT A A

|x14] 3]

Vb (xeal 27 [ [xaa \ 2 G(u,v)
(0i(x1)0j(x2) Pk (x3)di(xa)) = |X12|Ai+Aj|X34|Ak+A/

i > X$hX3 - X2 x2,
Cross-ratios are u = zz = %3t and v = (1 — z)(1 — z) = 2%,
X{3%4 X13%24

G(u,v) =Y ApoAsaogo(u, v)
(@]
Virasoro blocks not available but we have: [polan, Osborn; 0011040, 0309180]

Z 5h h—A 7h+A E*A ,,_7+A _
gni(z2) = zhzhzﬁ( oh |Z)2F1( E |Z)

+(z <+ 2)
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The2 modern boo’astra P

Two ways to compute

o (P(x1)P(x2)p(x3)P(xa))
o by switching 1 < 3.
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The2 modern boo’astra P

2
Two ways to compute
o (0(x1)d(x2)B(x3)H(xa))
o by switching 1 < 3.
1 3 1 3
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The2 modern boo’astra P

2
Two ways to compute
o (0(x1)d(x2)B(x3)H(xa))
o by switching 1 < 3.
1 3 1 3

v2G(u,v) — uP*G(v,u) =0
11— z*2G(z,2) — |z]*2*G(1—2,1-2) =0
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The2 modern boo’astra P

2
Two ways to compute
o (9(x1)d(x2)d(x3)d(xa))
o by switching 1 < 3.
1 3 1 3

v2G(u,v) — uP*G(v,u) =0
11— z[*2¢G(z,2) — |z|***G(1 — 2,1 - 2) =0

> Mo (11— 2124g0(2,2) - [2"A¢go(1 — 2,1~ 2)] =0
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The2 modern boo’istrap

Two ways to compute

9] (¢(x1)p(x2)d(x3)P(xa))
o by switching 1 < 3.

3 1 3
v2G(u,v) — uP*G(v,u) =0
11— z[*2¢G(z,2) — |z|***G(1 — 2,1 - 2) =0

2A . 2A S
Z N |11 = 22 g0(2,2) ~ 2224 go(1 — 2,1~ 2)| =0
What if some functional « is positive for every block in a trial
SpeCtru m? [Rattazi, Rychkov, Tonni, Vichi; 0807.0004]

)\<2;s¢004 [|1 — 2|2 go(2,2) — |z|*P4 go(1 — 2,1 — 2)] >0
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Introduction QI\ sic results

The2 modern boo’istrap

2
Two ways to compute
o (9(x1)d(x2)d(x3)d(xa))
o by switching 1 < 3.
1 3 1 3

v2G(u,v) — uP*G(v,u) =0
11— z*2G(z,2) — |z]*2*G(1—2,1-2) =0

2A . 2A S
Z N |11 = 22 g0(2,2) ~ 2224 go(1 — 2,1~ 2)| =0
What if some functional « is positive for every block in a trial
SpeCtru m? [Rattazi, Rychkov, Tonni, Vichi; 0807.0004]
)\<2;s¢004 [|1 — z\m‘pgo(z, z)— |z|2A¢’g@(1 —z,1- 2)] >0

Free software: [Paulos; 1412.4127] [Simmons-Duffin; 1502.02033] [CB; 1602.02810]
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Flagship results

3d Ising?

0
l'GJ.SO 052 054 056 0.58 0.60 0.62 0.64A‘r bs 0505 061 0515 0m2 052 053 058

[El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, [Kos, Poland, Simmons-Duffin; 1307.6856]

Vichi; 1203.6064]

A
17 1.60] ~ 0®

- — 02

14 &+ 1.50f

K + Ising
1.40)

1 s = - s po 135 >
0.5 0.51 052 053 054 055 056 057 0.58 0.516 0.518 0.520 0.522 0.524

[Kos, Poland, Simmons-Duffin; 1406.4858] [Kos, Poland, Simmons-Duffin, Vichi; 1603.04436]
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Superconformal blocks
Superprimary (killed by S) = primary (killed by K) but not v/v.

{Qa, Qa} =0 Py, {Sa,Sa} =0l Ky
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Superconformal blocks
Superprimary (killed by S) = primary (killed by K) but not v/v.

{Qa, Qd} =0hePu {Sowgd} = 04 Ku

I\ _/_\
R QQ @
I/ AN

@0 @
e
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Superconformal blocks
Superprimary (killed by S) = primary (killed by K) but not v/v.
{Qa, Qa} =0 Py, {Sa,Sa} =0l Ky
Can only expand (¢1(x1,01)¢2(XQ,02)<D3(X3,03)) for BPS ¢.

I\ _/_\
R QQ @
I/ AN

@0 @
e
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Superconformal blocks
Superprimary (killed by S) = primary (killed by K) but not v/v.
{Qa, Qa} =Py, {Sa,Sa} =0l Ky
Can only expand <¢1(X1,01)¢2(X2,92)¢3(X3,03)> for BPS ¢.
B (A+0)(A—-¢-2)
Gae = 8au+ (B 0+1) (A 0 —1)8a+2
(L+2)(A+70) . (A-1-2)
C+ DA+ )T i —r-1

Generalized in: [Bobev, EI-Showk, Mazac, Paulos; 1503.02081]

1
/N
Q Q
\\_/_\
R QQ @
I/ AN

Q? Q 02 Q
Q2 Q2

)gA+1,é—1
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Introduction QI\ sic results

Superconformal blocks
Superprimary (killed by S) = primary (killed by K) but not v/v.
{Qa, Qa} =0 Py, {Sa,Sa} =0l Ky
Can only expand (¢1(x1,01)¢2(XQ,02)<D3(X3,03)) for BPS ¢.
B (A+0)(A—(—2) -
Gay = gae+ Brit1)b_i- 1)gA+2,z
(¢ +2)(A+ 1) qaA—e-2
C+ DA+ )T i —r-1

Generalized in: [Bobev, EI-Showk, Mazac, Paulos; 1503.02081]

)gA+1,é—1

1
/N . .
Q 0 Many multiplets to consider:
[N /o [Fitzpatrick, Poland, Khandker, Li, Poland, Simmons-Duffin; 1402.1167]
QZ QQ @2 [Khandker, Li, Poland,- Simmolns-Duffin; 1404.5300]
I/ N Recent numerics with above blocks:
Q2 Q Q2 Q [Poland, Stergiou; 1509.06368]

[Li, Meltzer, Stergiou; 1702.00404]

02 02
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Extended supersymmetry

In most superconformal algebras, T, is not a primary:
O = Tr[¢¢]

PP QRARAQO oo QLRQIQI0 e QLRIR2Q?
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Extended supersymmetry

In most superconformal algebras, T, is not a primary:
O = Tr[¢¢]

QRO ool OLQIQIQI0 P QLQIR2Q
Tr[F* F,,] T Tr[F*F,,]
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Extended supersymmetry

In most superconformal algebras, T, is not a primary:
O = Tr[¢¢]

P QIQIQIQ0  ope o’ QL C_?é- QIQL0 QL C_?é Q@2
Tr[FH* Fu T Tr[FH Fu
Calculate protected part, bootstrap unprotected part:

F(z,2)
2

X13%X24

(O(x1, w1)O(x2, w2)O(x3, w3)O(xa, wa)) = free +

2 2 2 2 2 .2
(Xi3X34 — XipX34 — X14X33) + perms

[(W12W34)2 W12 W3 W34 Wa1
(x12x34)%  (x12X23X34X21)°
z+z-1)QzZ2-z—-z+1)—|z]* -1 1

22|1 — 22 EE

F(z,z) = (

2
G(z,2)

11—~z
4
z
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Extended supersymmetry

[Beem, Rastelli, van Rees; 1304.1803]
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Extended supersymmetry

Restrict ops to
Xt = (0,0, 5%, 25%).
(

2i

Let O = Q1+5 = (S1+ @)
Let O; be killed by O.

lk
02 2)0,0) = Y- 0400
k

True up to {Q,...].

[Beem, Rastelli, van Rees; 1304.1803]
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Extended supersymmetry

Restrict ops to
XM_(O 0 z+z zZ— E)
(S

2i

Let Q=@ + 52 =
Let O; be killed by Q.

1+ @z)T-

1

Froe Hyper
Hy su(2)

£ su2),

£ su2),

£ su(2),

Dy su@)

Hy su(@)

Hy su(@)

Hy su(@)
"New rank 1
N=4SYM

00 02 04 06 08 10 12 14
1k

[Beem, Lemos, Liendo, Rastelli, van Rees; 1412.7541] [Beem, Rastelli, van Rees; 1304.1803]
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Extended supersymmetry

5 )
(

Restrict ops to
xt = (0 0, Z+z

Let Q = Q1 + 52 = (S1+ @) 2D-4D correspondence
Let O, be k|”ed by Q [Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees;
)\ 1312.5344]
- ijk 1D-3D correspondence
0i(z,2)0;(0) = —L=—0O(0
I( ’ ) 'I( ) ; Zhi+hj7hk k( [Dedushenko, Pufu, Yavoby; 1610.00740]

Froe Hyper
Hi su(2)
£ su2),
£ su2),
£ su(2),
Dy su@).
Ho su(@).
Hy su@).
Ho su@).
"New rank 1
N=4SYM

00 02 04 06 08 10 12 14
1k

[Beem, Lemos, Liendo, Rastelli, van Rees; 1412.7541] [Beem, Rastelli, van Rees; 1304.1803]
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Spinning conformal blocks
Exploit conformal group being SO(d + 1,1).
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Spinning conformal blocks
Exploit conformal group being SO(d + 1,1).

woossy ~ L -1 |

(pJdupdy) ~ above + |

|

<¢ Tm/¢ Tpo—> ~ above +

Current work
0000000@0000000



Introduction Classic results Solvable models Current work
0000000 000000 00000000000000 0000000@0000000

Spinning conformal blocks
Exploit conformal group being SO(d + 1,1).

woossy ~ L -1 |

(pJdupdy) ~ above + || ‘

(¢TwdTys) ~ above+ | ‘

Use (X, X, XH) = (1,x%,x"), (WT, W=, WH) = (0, w - x, wH)

instead of points x*, W# . [Costa, Penedones, Poland, Rychkov; 1107.3554, 1109.6321]

XA Lorentz X,A

I I

u Conformal m
X — X
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Spinning conformal blocks
Exploit conformal group being SO(d + 1,1).

woos) ~ L1 1]

(pJdupdy) ~ above + || ‘

(¢TwdTys) ~ above+ | ‘

Use (X, X, XH) = (1,x%,x"), (WT, W=, WH) = (0, w - x, wH)

instead of points x*, W# . [Costa, Penedones, Poland, Rychkov; 1107.3554, 1109.6321]

XA Lorentz X,A

I I

u Conformal m
X — X

Operators satisfy ®(aX, 3W) = a~2p'd(X, W).
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Spinning conformal blocks
Symmetric nj; such that m; = ¢; — ZJ-#, njj > 0 characterize all
three-point structures.

Hy = —2[W;Xj — (Wi - X;)(W - Xi)]
(Wi - Xj) Xik — (Wi - X)) Xij

Vi =
Jk )<jk
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Spinning conformal blocks
Symmetric nj; such that m; = ¢; — Z#,- njj > 0 characterize all
three-point structures.

Hy = —2[W;Xj — (Wi - X;)(W - Xi)]

(W; - Xj) Xik — (Wi - Xi) Xij
Xik

Vijk =

Stress-tensor example:

P
a7 _dim 4
X122 X132 X232
P = xsVEVEVE + x3(VEHZ; +...) + xo(VaVaHioHiz + ...)
+x1(V2VaVaHos + ... ) + xoH1oHi3Hos

(T(X1, WA) T (Xo, Wo) T (X3, W3)) =
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Spinning conformal blocks

Symmetric nj; such that m; = ¢; — ZJ-#, njj > 0 characterize all
three-point structures.

Hy = —2[W;Xj — (Wi - X;)(W - Xi)]

(W; - Xj) Xik — (Wi - Xi) Xij
Xik

Vijk =

Stress-tensor example:

P
a7 _dim 4
X122 X132 X232
P = xsVEVEVE + x3(VEHZ; +...) + xo(VaVaHioHiz + ...)
+x1(V2VaVaHos + ... ) + xoH1oHi3Hos

(T(X1, WA) T (Xo, Wo) T (X3, W3)) =

Further developments made in:
[Echeverri, Elkhidir, Karateev, Serone; 1505.03750, 1601.05325] [Cuomo, Karateev, Kravchuk; 1705.05401]

[Costa, Hansen, Penedones, Trevisani; 1603.05551, 1603.05552] [Karateev, Kravchuk, Simmons-Duffin; 1706.07813]
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Current and stress-tensor bootstraps

i

_ 1 1 0 L 12y
2 2 [Dymarsky, Kos, Kravchuk, Poland, Simmons-Duffin;

[Dymarsky, Penedones, Trevisani, Vichi; 1705.04278] 1708.05718]
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Central charge bounds
(TTT) has bosonic and fermionic parts

CT sinf
scalar " ¢in @ + cos 6

Crcosf

<TTT>d:3 - sinf + cos 6

< TTT> < TTT> spinor
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Central charge bounds
(TTT) has bosonic and fermionic parts
Ctcosf Crsind
TTT —(TTT —(TTT)_;
< Ja=3 sinf + cos 0 { )scatar sin + cos < >5”’"°’
<TTT>d24 = nB <TTT>scalar +ne <TTT>spinor +ny <TTT>

vector
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Central charge bounds
(TTT) has bosonic and fermionic parts

- Ctcosf Crsind
<TTT>d:3 - sinf + cos <TTT>sca/ar sinf + cos < 7_>spinor

<TTT>d24 = nB <TTT>scalar +ne <TTT>spinor +ny <TTT>

vector

Positive by average null energy condition: [Hoffman, Maldacena; 0803.1467]

W) 20, <(0) = lim % [~ Tniar

—00
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Central charge bounds
(TTT) has bosonic and fermionic parts

- Ctcosf Crsind
<TTT>d:3 - sinf + cos <TTT>sca/ar sinf + cos < 7_>spinor

<TTT>d24 = nB <TTT>scalar +ne <TTT>spinor +ny <TTT>

vector

Positive by average null energy condition: [Hoffman, Maldacena; 0803.1467]

W) 20, <(0) = lim % [~ Tniar

—00

Coefficients are related to the Weyl anomaly

C
<T5‘>d:2 = _ER

(THY = 16772 (R Rapys — 4R Rog + R?)

aBydé _ 2
167T2<R Ragys 2R* Rg+3R>




Introduction

Classic results
0000000

Solvable models
000000

Current work
00000000000000

00000000000 e000

Central charge bounds

N=0|3<2<3 a _ np+1lng +62ny
N=1 %sgs% ¢ 3np+18nF + 36ny
N=2|3<2<3
N =4 a=c
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z=zzZ

~ N = O

,\_,“_.N“_.wh—l
w IAIA A

| alvaluOi®
oA A IA
Slowlwg|

Central charge bounds
a_ ng+ 11ng + 62ny

¢ 3ng+18ng +36ny

We also need a = ¢ for a classical gravity dual

[Camanho, Edelstein, Maldacena, Zhiboedov; 1407.5597]
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Central charge bounds

N=0|3<2<3 a _ np+1lng +62ny

N=1 %sgsg ¢ 3np+18nF + 36ny

%:2 3 <8 <7 |We also need a = c for a classical gravity dual
=4 a=c

[Camanho, Edelstein, Maldacena, Zhiboedov; 1407.5597]

Proven using 1 —z < 1 — z limit of (T#(0)¢(z,2)p(1) TP7(0)):

[Hoffman, Li, Meltzer, Poland, Rejon-Barrera; 1603.03771]

R[G(z,2) - G(zezﬂ",i)] >0
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Central charge bounds
N=0 %gggi‘—s a _ ng+1lnf +62ny
N=1]3<2<3 ¢ 3np+ 18nF + 36ny
N =2 t_s_¢ . ,
- 2 = ¢ =14 |We also need a = c for a classical gravity dual
N =4 a=c

[Camanho, Edelstein, Maldacena, Zhiboedov; 1407.5597]

Proven using 1 —z < 1 — z limit of (T#(0)¢(z,2)p(1) TP7(0)):

[Hoffman, Li, Meltzer, Poland, Rejon-Barrera; 1603.03771]

R[G(z,2) - G(zezﬂ",i)] >0

Specia| case Of [Faulkner, Leigh, Parrikar, Wang; 1605.08072] [Hartman, Kundu, Tajdini; 1610.05308]
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Current work

Solvable models

Central charge bounds

a  ng+1llng+62ny

¢ 3ng+18ng +36ny

We also need a = ¢ for a classical gravity dual
[Camanho, Edelstein, Maldacena, Zhiboedov; 1407.5597]

Proven using 1 —z < 1 — z limit of (T#(0)¢(z,2)p(1) TP7(0)):

[Hoffman, Li, Meltzer,

Special case

1
(2 1 r2)8

Poland, Rejon-Barrera; 1603.03771]

R[G(z,2) - G(zeZT”',E)] >0

Of [Faulkner, Leigh, Parrikar, Wang; 1605.08072] [Hartman, Kundu, Tajdini; 1610.05308]

1
(X2 + t262i9)A
ef2iA0

ej:ﬂ'iA

(£2 + e—2i0x2)A

o

00000000000 e000
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Beyond CFTs

For a relevant operator O in a CFT,

5$5=5 +/ g00dx
Rd

Current work
000000000000800
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Beyond CFTs

For a relevant operator O in a CFT,

5_50+/Rdg0(9dx, (...>_<...exp (/Rdgo(’)dx)>o
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Beyond CFTs

For a relevant operator O in a CFT,

S=So+ | m0d. ()= < P (/]RngOdX) >o

Removing divergences in conformal perturbation theory,

B(g) = de = (A —d)g + 28 + Bagd + ...

dlog\
B2 = —Sd2_1)\ooo , B3 = —5d6_1 / (0(0)O(x)O(8)O(c0)) dx
Rd
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Beyond CFTs

For a relevant operator O in a CFT,

S=So+ | m0d. ()= < P (/]RngOdX) >o

Removing divergences in conformal perturbation theory,

Bg )—dlog,\—(A—d)g+ﬂzg2+ﬁ3g3+--.

B2 = —Sd2_1)\ooo , B3 = —Sd6_1 /Rd (O(0)O(x)O(8)O()) dx

Approximate four-point function with data from the bootstrap:
[Komargodski, Simmons-Duffin; 1603.04444] [CB, Rastelli, Rychkov, Zan; 1703.05325]
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Beyond CFTs

For a relevant operator O in a CFT,

S=So+ | m0d. ()= < P (/]RngOdX) >o

Removing divergences in conformal perturbation theory,

_ dg . 2 3
ﬁ(éz’)—dlog,\—(A d)g + 28"+ B3g” + ...
Sa-1

Sd-1 R
_ - /R {OO0(x)0(E)O(x)) dx

B2 = > Aooo ; B3 = —

Approximate four-point function with data from the bootstrap:
[Komargodski, Simmons-Duffin; 1603.04444] [CB, Rastelli, Rychkov, Zan; 1703.05325]
Better to truncate and diagonalize H;,; after expressing it in the basis:

{|O), P, |0, P,P,|O),...}

[Hogervorst, Rychkov, van Rees; 1409.1581] [Katz, Khandker, Walters; 1604.01766]
[Elias-Miro, Rychkov, Vitale; 1706.09929]
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Scattering amplitudes

AdS with massive particles has a flat space limit:

JAY, mj
A— o0, — — —
Aj mj

Current work
0000000000000e0
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Scattering amplitudes

AdS with massive particles has a flat space limit:

JAY, mj
A— o0, — — —
Aj mj

Interpret OPE coefficient bounds as constraints on the S-matrix:
[Paulos, Penedones, Toledo, van Rees, Vieira; 1607.06109]

3

8123 i 2L H r(Ay)

= lim
Az Looo ST A — r ZA Aj)

l:l
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Scattering amplitudes

AdS with massive particles has a flat space limit:

JAY, mj
A— o0, — — —
Aj mj

Interpret OPE coefficient bounds as constraints on the S-matrix:
[Paulos, Penedones, Toledo, van Rees, Vieira; 1607.06109]

8123 o 2L% F(A,)
M3 o 2 ir(A_d HF(lZA—A-)
T2l (3 )i TG i

i=1
10 /} Saturated by Sine-Gordon:
. 5 N
log(gt12) T T S(s) = sgn(m3 — 2m?)

2 2 2
Vs\/Am? — s+ myy\/4mi — m3
0 0.5 10 15 2.0 NEE /4m% — 5 — My /4m% —_ m%

my/ms




(O1(21)O2(22)O3(23)O4(24))

Whatiother'secretsareyoulhiting:
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