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Something NOT physical

The temperature of a metal spontaneously going to infinity!

∂T

∂t
= D

∂2T

∂x2

T (x , t) =
1√

4πDt
e−

x2

4Dt

Not unique!

There is a unique solution that stays below ecx
2

for some c > 0.
Approximating a large system as infinite might not be safe.
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The dimensionless part of the potential is the Madelung constant:

V (0) =
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The 6 nearest-neighbour Cl− are one unit r0 away.

V (0) ∼ 6
−e

4πε0r0

The 12 Na+ that are next closest to the centre are
√

2r0 away.

V (0) ∼ 12
e

4πε0
√

2r0

The dimensionless part of the potential is the Madelung constant:

V (0) =
e

4πε0r0
M

≡ e

4πε0r0

∑
(i ,j ,k) 6=(0,0,0)

(−1)i+j+k√
i2 + j2 + k2

This sum is conditionally convergent!
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Cubes of Salt

M100 = −1.741820 M200 = −1.744685 M300 = −1.745643
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Cubes of Salt

M100 = −1.741820 M200 = −1.744685 M300 = −1.745643

M100 = 3.469987 M200 = −0.403582 M300 = 11.510973?
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F (x) = k(x − x0)

Proof

U(x) =
∞∑
n=0

1

n!

dnU

dxn
(x0)(x − x0)n

≈ U(x0) + U ′(x0)(x − x0) +
1

2
U ′′(x0)(x − x0)2

= U(x0) +
1

2
U ′′(x0)(x − x0)2
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Hooke’s Law

F (x) = k(x − x0)

Proof

U(x) =
∞∑
n=0

1

n!

dnU

dxn
(x0)(x − x0)n

≈ U(x0) + U ′(x0)(x − x0) +
1

2
U ′′(x0)(x − x0)2

= U(x0) +
1

2
U ′′(x0)(x − x0)2

F (x) = −U ′′(x0)(x − x0)

What if U is not analytic?

Connor Behan Physically Meaningful or Mathematically Pedantic?



Hooke’s Law

U(x) =

{
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− L2

x2 x 6= 0

0 x = 0
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Hooke’s Law

Stone-Weierstrass Theorem: Polynomials are dense in C ([a, b];R).
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Hooke’s Law

−0.00017 + 0.02511x2 − 0.54440x4 + 2.96252x6
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−0.00017 + 0.02511x2 − 0.54440x4 + 2.96252x6

0.00003− 0.00928x2 + 0.45087x4 − 7.34438x6 +
44.23680x8 − 67.19431x10

0.00224x2 − 0.20889x4 + 7.04392x6 − 107.0x8 + 756.5x10 −
2242.4x12 + 2414.0x14
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Hooke’s Law

U(x) =
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k=1

e−2
k/2

cos
(

2kx
)
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This Taylor series diverges.
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Hooke’s Law

U(x) =
∞∑
k=1

e−2
k/2

cos
(

2kx
)

This Taylor series diverges.
The n-th derivative at 0 is

∞∑
k=1

e−2
k/2

2kn > e−2
k0/22k0n = e−

√
nnn

if n is a power of 2.
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Hooke’s Law

An asymptotic series for f : R→ R is
∑∞

k=0 akx
k such that

lim
x→0

1

xn

[
f (x)−

n∑
k=0

akx
k

]
= 0
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1 Order matters.

2 A divergent Taylor series can still be useful.

3 The infinite volume limit is not always unique.
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A Little QFT

T 〈ψout| exp

(
−i
∫ ∞
−∞

Hintdt

)
|ψin〉
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T 〈ψout| exp

(
−i
∫ ∞
−∞

Hintdt

)
|ψin〉

≈ T 〈ψout|

[
1− i

∫ ∞
−∞

Hintdt −
1

2

(∫ ∞
−∞

Hintdt

)2
]
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A Little QFT

∑
s,s′

∣∣∣∣Trū(p + q)γµu(p)
−iηµν

q2
ū(k + q)γνu(k)

∣∣∣∣2
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∑
s,s′

∣∣∣∣Trū(p + q)γµu(p)
−iηµν

q2
ū(k + q)γνu(k)

∣∣∣∣2
=

1

q2
[p · k(p + q) · (k + q) + p · (k + q)k · (p + q)

− m2p · (p + q)−m2k · (k + q) + 2m4
]
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∣∣∣∣Trū(p + q)γµu(p)
−iΠµν(q)

q2
ū(k + q)γνu(k)

∣∣∣∣2
Πµν(q) =

∫
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Tr [γµ(l/+ m)γν(l/+ q/+ m)]

(l2 −m2)((l + q)2 −m2)

dl

(2π)4
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∫
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(l2 −m2)((l + q)2 −m2)
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=
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dl
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=

∫
R4

lim
d→4

Tr [γµ(l/+ m)γν(l/+ q/+ m)]

(l2 −m2)((l + q)2 −m2)

dl
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6= lim
d→4

∫
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Tr [γµ(l/+ m)γν(l/+ q/+ m)]

(l2 −m2)((l + q)2 −m2)

dl

(2π)d
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A Little QFT

1 Order matters.

2 A divergent Taylor series can still be useful.

3 The infinite volume limit is not always unique.
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A Little QFT

1 Order matters (dimensional regularization).

2 A divergent Taylor series can still be useful (QED series is
only asymptotic).

3 The infinite volume limit is not always unique (Haag’s
theorem).
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